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We use numerical simulations to study the dynamics of three dimensional vesicles in unconfined
and confined Poiseuille flow. Previous numerical studies have shown that when the fluid viscosity
inside and outside the vesicle is same (no viscosity contrast), a transition from asymmetric slip-
pers to symmetric parachutes takes place as viscous forcing or capillary number is increased. At
higher viscosity contrast, an outward migration tendency has also been observed in unconfined flow
simulations. In this paper, we study how the presence of viscosity contrast and confining walls
affect the dynamics of vesicles and present phase diagrams for confined Poiseuille flow with and
without viscosity contrast. To our knowledge, this is the first study that provides a phase diagram
for 3D vesicles with viscosity contrast in confined Poiseuille flow. The confining walls push the
vesicle towards the center while the viscosity contrast has the opposite effect. This interplay leads
to important differences in the dynamics like bistability at high capillary numbers.
I. INTRODUCTION
Vesicles are closed membranes made of a phospholipid
bilayer and serve as a model of nucleus free cells like red
blood cells (RBCs). They are filled with fluid and sur-
rounded by fluid. Their high deformability leads to rich
shape dynamics in the presence of viscous forcing. Accu-
rate prediction of these shape dynamics when the viscous
forcing is generated by a Poiseuille bulk flow, is a funda-
mental problem since this type of background velocity
is predominant in biological flows and microfluidics. For
example, Poiseuille flow is used for measuring geometric
properties of cells [1], for understanding the properties
of cell suspensions [2], or for helping in the design of mi-
crofluidic devices for sorting cells based on mechanical
properties like in lateral displacement devices [3].
The key parameters that control the shape dynamics
are the elastic properties of the membrane, the viscosity
contrast (denoted by λ) between the fluid inside and out-
side the vesicle (both fluids are typically considered to be
Newtonian), the confinement (free vs confined flow, and
the confinement ratio defined as the ratio of vesicle diam-
eter to the width of confining channel), and the imposed
flow parameters, for example, the velocity magnitude.
Regarding the elastic properties, vesicles resist bending
but have no resistance in shear or shear rate. A dimen-
sionless parameter called capillary number (denoted by
Ca) measures the ratio of imposed flow strength over the
membrane bending energy and is crucial in the study of
the shape dynamics. The vesicle membrane is modeled
as locally inextensible so there is a surface tension field
that enforces this surface inextensibility. Finally, a key
parameter is the reduced volume, ν, of a vesicle, which
is the volume of the vesicle over the volume of an equal-
area spherical vesicle. If ν = 1 (its maximum value), the
vesicle is a sphere that cannot deform and behaves as a
rigid particle. For ν < 1, the vesicle becomes deformable.
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(a) Slipper (b) Croissant (c) Parachute
FIG. 1: Different shapes of vesicles.
Red blood cells (which are not vesicles because they resist
shear) in microcirculation have reduced volume of about
0.7 and viscosity contrast of about five.
In Poiseuille flow, a vesicle evolves into some final
shape that typically depends on the elastic parameters
of the vesicle and the flow parameters. Two well-known
shapes are the “parachute” and “slipper” (see Fig. 1).
Notice that, depending on the flow conditions, the final
state doesn’t need to be stationary. It can be oscilla-
tory, for example “snaking” vesicles observed in confined
flows. The Poiseuille flow is symmetric; the parachute
shape is also symmetric as the center of mass of the
vesicle is at the center line, but, surprisingly, the slip-
per shape is not symmetric and the center of mass is
displaced from the center of the channel. Both shapes
were found in one of the earliest experimental studies by
Gaehtgens et al. [4]. The existence of slipper shape is
mainly attributed to the breakdown of symmetry due to
shear gradient in Poiseuille flow. Kaoui et al. [5] con-
firmed the existence of these stable asymmetric slippers
using 2D numerical simulations of a vesicle in unconfined
axisymmetric Poiseuille flow and also presented a phase
diagram of parachutes and slippers as a function of ve-
locity and reduced volume. The results established that
the parachute occurs at higher velocities while slippers
dominate at lower velocities. 2D numerical simulations
for vesicles of reduced volume 0.6 in confined Poiseuille
flow are presented in [6] for viscosity contrast one. The
simulations revealed a much complex picture as different
regimes of confined slipper, unconfined slipper, centered
snaking, off centered snaking and parachute appeared de-
ar
X
iv
:1
90
9.
13
01
2v
1 
 [c
on
d-
ma
t.s
of
t] 
 28
 Se
p 2
01
9
2pending on the confinement and capillary number. The
authors in [7] modeled 2D vesicles in confined Poiseuille
flow simulations for viscosity contrast five. The study
reveals some important differences in the dynamics when
the viscosity contrast is changed from one to five. For ex-
ample, the authors observed both slipper and parachute
shapes at high capillary numbers (≥ 120) depending on
initial position of vesicle.
In 3D, a semi-axisymmetric croissant shape (as op-
posed to fully axisymmetric parachute shape; see Fig. 1)
has also been observed in recent simulations by Farutin et
al. [8] in unconfined Poiseuille flow. That study reported
a phase diagram similar to [5] for near spherical vesicles
(ν ≥ 0.9) with viscosity contrast λ = 1. The authors
observed significant changes in the dynamics at higher
viscosity contrast, for example, metastability depending
on initial vesicle position and an outward migration ten-
dency.
Coupier et al. [9] considered the shapes of 3D vesi-
cles (ν ≥ 0.91) in confined Poiseuille flow through ex-
periments for viscosity contrast λ = 1 and high capil-
lary numbers (' 15). Their study revealed a crossover
from a parachute to a bullet shape with increasing re-
duced volume. This point of crossover (the reduced vol-
ume above which bullet shape is observed) was observed
to be dependent on capillary number for low confine-
ments (confinement ratio < 0.5) while it only depended
on confinement ratio at high confinements (confinement
ratio ≥ 0.5). This indicated that the confinement effects
dominate the flow strength above 0.5 confinement ratio.
Croissant shapes were also observed for rectangular (as
opposed to square) channels.
Contributions: In this paper, we build upon the un-
confined flow results in [8] and study, through numerical
simulations, the dynamics of 3D vesicle of reduced vol-
ume ν = 0.90 with and without viscosity contrast. We
reproduce (for validation purposes) the phase diagram
for unconfined flow for λ = 1, present additional slipper
shapes for reduced volume ν = 0.85 and study the effects
of the presence of viscosity contrast on the dynamics.
In the unconfined case, we provide a phase diagram in
the parameter space of vesicle initial position and capil-
lary number when λ = 5. For the confined case, we will
present phase diagrams in the parameter space of con-
finement ratio and capillary number for λ ∈ {1, 5} and
a study of how the confining walls play a pivotal role
in determining the dynamics when viscosity contrast is
present. We will see how the wall effects and the outward
migration due to viscosity contrast lead to coexistence of
both slipper and parachute shapes in the confined case.
Our results could explain the experiments with RBCs in
which slipper shapes are observed at high capillary num-
bers [10, 11]. We will also see that at high confinement
ratio (≥ 0.5), the wall effects dominate causing the vesi-
cle to remain centered with mostly axisymmetric shapes.
We also observe two new equilibrium shapes, “bean” and
“bell”, in the confined case.
Limitations: It is important to stress here that the
vesicles don’t have any shear resistance. This makes
them different from RBCs which resist shear. Thus, vesi-
cles serve only as a simplistic model of these cells and
can have different dynamics compared to the RBCs. We
would also like to specify that for smaller reduced vol-
umes (ν ≤ 0.85), our numerical scheme is currently un-
able to resolve the vesicle shapes at high Ca (> 10) due
to large deformations.
This paper is organized as follows. In Sec. II, we
present the problem statement and methodology for both
unconfined and confined flows. In Sec. III, we formu-
late the relevant parameters in both confined and un-
confined cases, tabulate the self convergence results and
verify the correctness of our code by comparing our re-
sults and shapes with previous literature. In Sec. IV, we
present the results regarding different steady state shapes
and behavior of vesicles including the phase diagram for
unconfined flow. In Section V, we discuss the results for
a vesicle in a confined Poiseuille flow in detail. In Sec.
VI, we present the conclusion and further ideas to be
explored.
II. PROBLEM FORMULATION AND
METHODOLOGY
In this section, we state the flow problem and give its
boundary integral formulation. The detailed derivation
of this formulation is given in [12]. Table I summarizes
the notation used in the paper.
Symbol Definition
S2 Unit Sphere
p Degree of spherical harmonic expansion
γ Boundary of vesicle
Γ Fixed rigid boundary
Sγ The single-layer Stokes operator over γ
Dγ The double-layer Stokes operator over γ
u velocity
u∞ Background velocity
µi Viscosity of fluid in vesicle
µe Viscosity of ambient fluid
λ Viscosity contrast = µi/µe
σ Tension
H Mean curvature of vesicle
K Gaussian curvature of vesicle
κb Bending modulus of vesicle membrane
η Double layer density on Γ
ω Volume enclosed by γ
Ω Volume of interest
R0 Radius of vesicle
ν Reduced volume of vesicle
Ca Capillary number
Cn Confinement ratio
TABLE I: Index of different symbols
3(a) Unconfined flow (b) Confined flow
FIG. 2: (a) Schematic of the domain Ω for unconfined flow.
ω denotes the red region enclosed by vesicle membrane γ
filled with fluid of viscosity µi. Grey region is filled with fluid
of viscosity µe. u∞ is the imposed background velocity. (b)
Schematic of the domain Ω for confined flow. Γ is the fixed
rigid enclosing boundary, which models a channel with axis
of symmetry parallel to x-axis. Grey region is filled with fluid
of viscosity µe. ω denotes the red region enclosed by vesicle
membrane γ filled with fluid of viscosity µi.
A. Unconfined flow formulation
The formulation for unconfined flow of vesicles is the
same as in [13]. In Fig. 2a, we show the geometric setup
for our simulations. In this setup, the fluid flow is gov-
erned by the Stokes equation due to negligible effect of
inertial forces. The PDE formulation of the flow is as
follows:
−µ(x)∆u(x) +∇P (x) = 0 ∀x ∈ R3\γ, (1)
div(u(x)) = 0 ∀x ∈ R3\γ, (2)
[[−Pn+ (∇u+∇uT )n]] = f on γ, (3)
∂X
∂t
= u(X) ∀X ∈ γ, (4)
u(x)→ u∞(x) as ||x|| → ∞, (5)
where γ is the vesicle membrane, u(x) is the velocity of
the fluid and P (x) is the pressure. The viscosity µ is
given by
µ(x) =
{
µi if x ∈ ω,
µe if x ∈ R3\ω.
[[l]] denotes the jump of quantity l across the vesicle
membrane and n is the outward unit normal to the mem-
brane. Equation (3) is the balance of momentum on
membrane, which requires the surface traction jump to
be equal to the total force (denoted by f) exerted by
the interface onto fluid. Equations (4-5) enforce no-slip
boundary condition on vesicle membrane and set the far
field velocity to be the background velocity. We use X
to denote a point on the vesicle membrane γ while x to
denote a point in R3\γ.
The local inextensibility of vesicle membrane is math-
ematically equivalent to requiring that the surface diver-
gence of velocity should vanish on vesicle membrane, i.e.,
divγ(u(X)) = 0 ∀X ∈ γ. (6)
Now let us discuss in detail the elastic force f due to the
vesicle membrane elasticity. It comprises a bending and
a tension component, the latter being a Lagrange mul-
tiplier that enforces the local inextensibility. We denote
the bending component by fb and tension component by
fσ, so we write
f = fb + fσ. (7)
The expressions for these components are (please refer to
[14, 15] for details):
fb(X) = −κb[∆γH + 2H(H2 −K))]n, (8)
fσ(X) = σ∆γX+∇γσ, (9)
where κb is membrane’s bending modulus, H and K are
the mean and Gaussian curvature respectively, σ is the
tension at the membrane point X.
Following [12, 16], we can rewrite these equations in
integral form for X ∈ γ as follows :
αu(X) = u∞(X) + Sγ [fb + fσ](X) +Dγ [u](X), (10)
divγ(u(X)) = 0, (11)
∂X
∂t
= u(X), (12)
where α := (1 + λ)/2. The single layer convolution inte-
gral is defined as Sγ [f ](x) :=
∫
γ
S0(x,y)f(y)dγ, with
S0(x,y) =
1
8piµ
1
||r|| (I +
r⊗ r
||r||2 ),
where r := x − y, I is the identity operator, ⊗ is ten-
sor product and || · || is the Euclidean norm. The dou-
ble layer convolution integral is defined as Dγ [f ](x) :=∫
γ
D0(x,y)f(y)dγ, with
D0(x,y) =
−3(1− λ)
4pi
1
||r|| ((r.n)
r⊗ r
||r||5 ).
Discretization: We use spherical harmonics discretiza-
tion for X and functions defined on γ. The singular
quadratures described in [13] are used to evaluate the
integrals. The system of equations (10)–(12) is then
solved using a semi-implicit scheme [13] for the veloc-
ity u and tension σ. Vesicle position, X, is then updated
as Xnew = u∆t+Xold, where ∆t is the time step.
B. Confined flow formulation
We define vesicle radius, denoted by R0, to be the ra-
dius of the sphere that has the same volume as the vesicle.
We set R0 = 2 in our simulations. To model the flow of
a vesicle in confined Poiseuille flow, we create a chan-
nel with length much larger than the vesicle radius. In
4our simulations, we set the length of channel to be eight
times the vesicle radius R0. The axis of the channel is
parallel to x-axis and vesicle starts slightly displaced in
the y-direction from the axis of the channel. Refer to
Fig. 2b for a general representation of the setup. The
boundary integral formulation that accounts for confine-
ment is the 3D extension of the formulation discussed in
[17]. To account for the confinement, we add the vesicle-
wall interaction term to the RHS of the equation (10)
and append one more equation (15) for the calculation
of the unknown double layer density η on the fixed rigid
boundary Γ. The formulation becomes:
αu(X) = Sγ [fb + fσ](X) +Dγ [u](X) +DΓ[η](X),
(13)
divγ(u(X)) = 0 ∀X ∈ γ, (14)
U(x) = −1
2
η(x) + Sγ [fb + fσ](x) +Dγ [u](x)
+DΓ[η](x) +N0[η](x) ∀x ∈ Γ, (15)
∂X
∂t
= u(X) ∀X ∈ γ, (16)
where N0[η](x) = n(x)
∫
Γ
(n(y) · η(y)) ds(y) and U(x)
is the given velocity of rigid enclosing boundary at x ∈ Γ.
We solve the system of equations (13-14) for u and σ as
in the unconfined case. We then use the obtained u and σ
in (15) to solve for double layer density η on Γ. Finally,
equation (16) is discretized as Xnew = u∆t + Xold to
solve for new vesicle position Xnew. To avoid the effect
of finite length of the channel, after each time step we
translate the vesicle so that the x-coordinate of the center
of vesicle coincides with the x-coordinate of the center of
the channel. Each simulation typically takes about 10000
time steps and 15 hours of wall clock time.
III. SIMULATION SETUP AND PARAMETERS
In this section, we describe the simulation setup and
list the relevant input and output parameters which we
monitor to study the dynamics of vesicles in both uncon-
fined and confined case.
A. Unconfined flow parameters
A vesicle is characterized by its reduced volume ν,
which is defined as the ratio of the volume of vesicle to
the sphere with the same area as the vesicle. It is given
by
ν := 6pi1/2V A−3/2,
where V and A are the volume and surface area of the
vesicle respectively. The imposed background fluid flow
u∞ = (vx, 0, 0) is an axisymmetric Poiseuille profile given
by
vx = k(D
2/4− y2 − z2) (17)
in Cartesian coordinates, where D is the diameter of the
Poiseuille flow and k is the curvature of the flow. Vesi-
cle starts slightly displaced in the y-direction from the
centerline of Poiseuille flow. We use the dimensionless
capillary number for Poiseuille flow given by
Ca :=
kR40µe
κb
, (18)
where κb is the bending modulus of the vesicle as speci-
fied in the Sec. II A. Ca measures the flow strength over
the bending energy of the membrane. We take R0 = 2,
D = 20R0, µe = 1 and κb = 1 in our simulations
1 and
vary the flow curvature k to vary the capillary number
Ca. Although the flow is unconfined, we can measure
degree of confinement using dimensionless confinement
ratio (Cn), defined as Cn :=
2R0
D . Since D and R0 are
fixed, Cn = 0.1 in our unconfined flow simulations. The
viscosity contrast λ := µi/µe is the ratio of the viscosity
of the fluid inside the vesicle to viscosity of the outside
fluid and is crucial in determining vesicle dynamics. We
study the vesicle dynamics for a range of capillary num-
bers and reduced volumes with λ = 1 and λ = 5.
B. Confined flow parameters
In our simulations of confined flow, the diameter of
the channel is denoted by D. The velocity of the rigid
boundary Γ is denoted by U(x) (refer to Fig. 2b). We
impose the Poiseuille velocity profile with diameter of the
flow equal to D. To do this, we set the velocity of the
rigid boundary
U(x) = (vx, 0, 0),
where x = (x, y, z) and vx = k(D
2/4− y2 − z2),
in equation (15). We use capillary number Ca, reduced
volume ν and viscosity contrast λ as defined earlier. We
also use a dimensionless parameter called confinement
ratio (Cn), given by
Cn =
2R0
D
,
to characterize the extent of confinement. The higher the
Cn is, the closer the bounding walls are to the vesicle.
We study the vesicle dynamics for a range of capillary
numbers and confinement ratios.
1If the unit of length is micrometers (µm), unit of mass is mi-
crogram (µg) and the time is in seconds (s), then R0 = 2µm,
κb = 10
−21 Joules, µe = 10−3 Pascal. second. Then if the flow
curvature is k = 1 in our simulation, it corresponds to a Poiseuille
flow with a maximum velocity of 400µm/s.
5C. Steady state and convergence results
To determine if a steady state is reached, we monitor
the lateral displacement of vesicle center (Yg), bending
energy of the vesicle (Eb :=
∫
γ
1
2κbH
2dγ ) and its vol-
ume moments tensor (I :=
∫
ω
(||ˆr||2I − rˆ⊗ rˆ)dV , where
rˆ = r − r0, r0 is the center of the vesicle and I is the
identity tensor). We say that the vesicle has reached a
steady state when these observables reach a steady state
or their dynamics become nearly periodic. Such oscil-
latory behavior is actually the typical scenario in our
simulations.
To verify the correctness of our code, we report the
self-convergence results in a variety of different settings.
First, we consider the unconfined setting for fixed phys-
ical parameter values of ν = 0.90, Ca = 5 and λ = 1.
In this scenario, we compare the position of the vesi-
cle center for spherical harmonics discretization of or-
der p = 6, 12, 24 and 48 after several thousand time
steps. We regard the simulation with p = 48 as the
ground truth and compute the relative error in the po-
sition of vesicle’s center as a function of spherical har-
monics order p. We repeat this for confined flow with
ν = 0.90, Cn = 0.5, Ca = 5 and λ = 1. The results are
summarized in Table II.
p Rel. error (unconfined flow) Rel. error(confined flow)
6 4.1× 10−3 6× 10−2
12 6× 10−5 4× 10−3
24 1.2× 10−5 1.5× 10−4
TABLE II: Self convergence results for unconfined and
confined flow. p is the order of spherical harmonics
discretization. We regard p = 48 as the ground truth and
calculate error relative to it.
To further verify the correctness, we present the steady
state shapes of our simulations of unconfined flow for
ν = 0.9, λ = 1 with Ca = 4, 14 and 28 in Fig. 3, Fig.
4 and Fig. 5 respectively. In these simulations, we ob-
tained three shapes, namely 1) tank treading off centered
slipper (called TT slipper), 2) non-tank treading slightly
off centered croissant and 3) non-tank treading centered
parachute. These shapes and results are consistent with
the numerical and experimental results presented in [8, 9]
and we view them as an additional validation of our code.
In the case when we obtain a slipper shape, i.e., when
Ca = 4, we obtain periodic oscillations of vesicle position
while bending energy remains constant (see Fig. 7). We
also present the steady state shape obtained for uncon-
fined flow simulation with a vesicle of reduced volume
ν = 0.65 for λ = 1 and Ca = 1.8 in Fig. 6. The shape
obtained is similar to the one presented in [18]. We ob-
serve periodic oscillations of slipper shape about a mean
position in this case as well.
(a) Side view of slipper (b) Rear view of slipper
FIG. 3: Unconfined flow with ν = 0.90, Ca = 4, λ = 1. Tank
treading slipper.
(a) Side view of croissant (b) Rear view of croissant
FIG. 4: Unconfined flow with ν = 0.90, Ca = 14, λ = 1.
Semi-axisymmetric croissant shape. No tank treading. .
(a) Side view of parachute (b) Rear view of parachute
FIG. 5: Unconfined flow with ν = 0.90, Ca = 28, λ = 1.
Centered axisymmetric parachute shape. No tank treading.
FIG. 6: Unconfined flow simulation
ν = 0.65, Ca = 1.8, λ = 1. Tank treading slipper shape.
IV. RESULTS FOR UNCONFINED FLOW
A. Viscosity contrast λ = 1
We use this study of unconfined flow with no viscos-
ity contrast (i.e., λ = 1) as a validation of our code as
these results have been reported in [8]. In the unconfined
Poiseuille flow simulations for reduced volumes ν = 0.90
and 0.95, “slipper”, “croissant” and “parachute” shapes
are observed as Ca is increased. Slippers (Fig. 3) are
asymmetric, off-centered and exhibit tank treading mo-
tion. Croissants (Fig. 4) are slightly off-centered and
semi-axisymmetric while parachutes (Fig. 5) are centered
and fully axisymmetric. In particular, for ν = 0.95, slip-
6(a) Vesicle center (Yg) scaled with R0 (b) Bending energy of vesicle with time (c) Vesicle moment about flow axis with time
FIG. 7: Periodic oscillations in vesicle position and moment in unconfined flow simulation with ν = 0.90, λ = 1, Ca = 4.
Bending energy remains constant after some time.
pers are observed in the range 0.46 ≤ Ca ≤ 1.4, croissants
are observed in the range 1.4 < Ca ≤ 4 and parachutes
are observed in the range Ca > 4. For ν = 0.90, slip-
pers are observed in the range 0.46 ≤ Ca ≤ 4, croissants
are observed in the range 4 < Ca ≤ 15 and parachutes
are observed in the range Ca > 15. We observe that de-
creasing the reduced volume causes the transition from
slipper to croissant and croissant to parachute to occur
at higher Ca. For ν = 0.85, our code was able to resolve
shapes for Ca ≤ 10 and we observed only slipper shapes.
Simulating 3D vesicle of reduced volume ν < 0.90 in
Poiseuille flow is a hard problem and we are not aware
of any study that provides their full dynamics as a func-
tion of Ca. We combine all these results to plot a phase
diagram for unconfined flow in parameter space of re-
duced volume (ν) and capillary number (Ca), shown in
Fig. 8a. The scaled equilibrium lateral position of vesi-
cle center (Yg/R0) for different reduced volumes plotted
against Ca, are presented in Fig. 8b. We note that Yg
reduces with increasing Ca till it becomes zero and stays
there afterwards for ν ≥ 0.90. For ν = 0.85, same behav-
ior is observed for Yg. Our results are in line with the
analytical studies [19, 20], numerical studies [8, 21] and
the available experiments [9, 22].
B. Viscosity contrast λ = 5
When we set the viscosity contrast to λ = 5, some
important differences in dynamics are observed depend-
ing on the vesicle initial position. We denote vesi-
cle center’s initial distance from the centerline of the
flow by Yg0 . When vesicle starts close to center (i.e,
Yg0 = 0.025R0) for ν = 0.90 and λ = 5, slippers, crois-
sants and parachutes are observed as Ca is increased but
with different ranges compared to λ = 1 case. We observe
slippers for 0.46 ≤ Ca ≤ 5, croissants for 7 ≤ Ca < 18
and parachutes for Ca ≥ 18. These observations suggest
that increasing the viscosity contrast causes the shape
transitions to occur at higher Ca. Similar observation
was made in [7] using 2D vesicle simulations. In the
transition phase from slipper to croissant, for example
at Ca = 6, we found a special regime in which the vesi-
cle oscillates between the slipper and croissant shapes.
something that doesn’t happen in flows without viscos-
ity contrast (λ = 1).
When the initial position of the vesicle is chosen far
from the centerline (say, Yg0 = 1.5R0), an outward mi-
gration is observed for 0.46 ≤ Ca ≤ 1350. The observa-
tions agree with the results in [8] which reported this
outward migration tendency due to the viscosity con-
trast. At fixed viscosity contrast, the critical value of Yg0 ,
above which outward migration is observed, depends on
both capillary number and reduced volume. The higher
the capillary number is, the lower is the critical initial
position above which outward migration occurs. For ex-
ample, for ν = 0.90 and Ca = 0.46, this critical value is
observed to be 1.08R0 while for ν = 0.90 and Ca = 1350
outward migration occurs for Yg0 > 0.05R0 (see Fig. 9
for a complete picture of ν = 0.90 with λ = 5). Also,
the higher the reduced volume is, the higher is the criti-
cal initial position for outward migration. For example,
when ν = 0.95 and Ca = 1350, this critical initial vesicle
position is observed to be 0.5R0. For ν = 0.85, although
we expected a lower value of critical initial position but,
surprisingly, we observe outward migration even for very
low value of Yg0 = 0.025R0 at all Ca ≥ 0.46. We spec-
ulate that this happens because the equilibrium slipper
positions of vesicles of reduced volume ν = 0.85 are so
high that they exceed the critical initial position for out-
ward migration even at low Ca (see the equilibrium posi-
tions in λ = 1 case shown in Fig. 8b). Thus, causing an
outward migration even at very low capillary numbers.
C. Discussion of results for unconfined flow
The results for λ = 1 are fairly straightforward. The
equilibrium lateral position keeps on decreasing with in-
creasing Ca and finally becomes zero. For λ = 5, the ini-
7(a) A phase diagram for unconfined flow with λ = 1. Shows equilibrium
shapes in different regions of vesicle reduced volume ν and capillary number
Ca. The unresolved regime is the range of parameter values for which our
code was unable to resolve the shapes. Black curves are a guide to the eye.
(b) Scaled equilibrium lateral positions vs capillary number for
unconfined flow
FIG. 8: Phase diagram and equilibrium lateral positions for unconfined flow with λ = 1.
FIG. 9: Unconfined flow phase diagram for vesicles of
reduced volume ν = 0.90 with λ = 5 in the parameter space
of initial vesicle position (Yg0) and capillary number (Ca).
For viscosity contrast λ = 5, the vesicle dynamics also
depend on the initial position of the vesicle.
(a) Cn = 0.3 (b) Cn = 0.5 (c) Cn = 0.7
FIG. 10: Different confinement ratios (Cn). Γ is the
channel with diameter D. The vesicle is denoted in red.
High confinement ratio means the bounding walls are closer
to the vesicle.
tial position changes the dynamics and it is evident that
there is an outward migration tendency, which opposes
the inward migration due to the quadratic component of
the Poiseuille flow. When the vesicle initial position is
far enough from the centerline, this outward migration
tendency dominates and causes an overall outward mi-
gration velocity. Also, the lower the reduced volume is,
the more dominant this outward migration seems to be.
The question is, do these observations carry to the con-
fined flow case? This is what we try to answer in the
next section.
V. RESULTS FOR CONFINED FLOW
In this section, we study the effect of wall confinement
(see Fig. 10) on vesicle dynamics. We first study the case
with no viscosity contrast for different confinement ratios.
Then we proceed onto the case with viscosity contrast.
We use vesicle of reduced volume ν = 0.90 for this study
and compare it with unconfined flow dynamics.
A. Viscosity contrast λ = 1
First, we consider the case of low confinement ratio,
i.e., Cn = 0.3. In this case, it is natural to expect that
the difference between the confined and the unconfined
Poiseuille flow would be negligible due to the weak hy-
drodynamic effect of the walls. Hence, we should expect
the same qualitative behavior as in the unconfined case.
The simulations indeed confirm our expectation. We ob-
8(a) Vesicle center (Yg) scaled with R0 (b) Bending energy of vesicle with time (c) Vesicle moment about flow axis with time
FIG. 11: Vesicle dynamics for confined flow simulation with ν = 0.90, λ = 1, Ca = 8.5, Cn = 0.3. Equilibrium shape is a
croissant.
(a) Vesicle center (Yg) scaled with R0 (b) Bending energy of vesicle with time (c) Vesicle moment about flow axis with time
FIG. 12: Vesicle dynamics for confined flow simulation with ν = 0.90, λ = 1, Ca = 22, Cn = 0.3. Equilibrium shape is a
parachute.
serve slippers (Fig. 14) in the range 1 ≤ Ca ≤ 4.5 with
equilibrium lateral position decreasing as Ca increases.
In the range 4.5 ≤ Ca ≤ 13, croissants are observed (see
Fig. 11 and Fig. 15) and parachutes are observed for
Ca > 13 (see Fig. 12 and Fig. 16) .
But, increasing the confinement ratio to 0.5 paints a
different picture. A centered bell shape (see Fig. 17) is
observed for 0.134 ≤ Ca ≤ 3. The bell shape is axisym-
metric like the parachute shape but the rear is convex,
i.e., bulges outwards instead of the concave rear in the
parachute shape. Note that initially the bell seems to
exhibit “snaking” motion but after some time the mo-
tion dies and a centered stationary bell is observed (see
Fig. 13). For Ca > 3, the rear of the shape becomes
concave and we get a parachute. On further increasing
the confinement ratio to Cn = 0.7, a centered bell shape
is observed in the range 0.5 ≤ Ca ≤ 2.5 and a parachute
shape is observed for Ca > 2.5. The occurrence of ax-
isymmetric centered shapes at low Ca suggests a dom-
inance of the effects of confining walls which push the
vesicle towards the centerline.
B. Viscosity contrast λ = 5
Based on our earlier results, we expected this to be
the most interesting case since the inward push from the
confining walls [22] and the outward migration tendency
(due to the viscosity contrast) oppose each other and can
result in interesting dynamics. And indeed that is the
case. For low confinement ratio Cn = 0.3, if the vesicle
initial position is close to centerline (Yg0 ≤ 0.04R0), we
observe a slipper shape for 0.05 ≤ Ca ≤ 5, a croissant for
5 ≤ Ca ≤ 10 and a parachute for 10 ≤ Ca ≤ 680 similar
to the no contrast case. But, interestingly, for Ca ≥ 100,
a bistability is observed, i.e., slipper and parachute equi-
librium shapes coexist depending on initial position of
the vesicle. For example, for Ca = 682, if vesicle starts
far away from the centerline (Yg0 > 0.30R0), the equilib-
rium shape is a tank treading slipper at mean position
Yg = 0.38R0 while if it starts close to center, the equi-
librium shape is a centered parachute (see Fig. 19). To
ascertain if this coexistence occurs because of the can-
cellation of outward migration tendency by the confine-
ment effects, we repeat the simulation with initial posi-
9(a) Vesicle center (Yg) scaled with R0 (b) Bending energy of vesicle with time (c) Vesicle moment about flow axis with time
FIG. 13: Vesicle dynamics for confined flow simulation with ν = 0.90, λ = 1, Ca = 0.5, Cn = 0.5. Equilibrium shape is a bell.
Snaking oscillations die down eventually.
(a) Side view (b) Rear view
FIG. 14: Confined flow : Slipper shape with ν = 0.90, λ = 1,
Cn = 0.3, Ca = 1.5.
(a) Side view (b) Rear view
FIG. 15: Confined flow : Croissant shape with ν = 0.90,
λ = 1, Cn = 0.3, Ca = 8.5.
tion slightly less than the equilibrium slipper position but
without confining walls. We observe that for the same pa-
rameters without confining walls, the vesicle continued to
migrate outwards perpetually while it stopped at an equi-
librium position when confining walls are present. This
confirms that this bistability is a result of the cancella-
tion of outward migration tendency by the confinement
effects. We have seen that outward migration is strong
at high Ca in unconfined flow simulations which could
explain why no such bistability is observed for Ca < 100.
For Cn = 0.5, the confinement effects dominate as ob-
served in the no viscosity contrast case. Although we
do not observe coexistence of slipper and parachute in
this case, we do observe a coexistence of bean (see Fig.
18) and bell shape for 0.1 ≤ Ca ≤ 0.4 depending on the
(a) Side view (b) Rear view
FIG. 16: Confined flow : Parachute shape with ν = 0.90,
λ = 1, Cn = 0.3, Ca = 22.
(a) Side view (b) Rear view
FIG. 17: Confined flow: Bell shape with
ν = 0.90, λ = 1, Cn = 0.5, Ca = 0.5.
(a) Side view (b) Rear view
FIG. 18: Confined flow : Bean shape with ν = 0.90, λ = 5,
Cn = 0.5, Ca = 0.27.
initial position. The reason for this bistability remains
unclear. For 0.4 < Ca < 4, only bell shape is observed
while parachute is observed for Ca ≥ 4. For Cn = 0.7,
bell and parachute shapes are observed as before when
Ca is increased.
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(a) Vesicle center (Yg) scaled with R0. Vesicle
initial position Yg0 = 0.022R0.
(b) Vesicle center (Yg) scaled with R0. Vesicle
initial position Yg0 = 0.85R0.
FIG. 19: Vesicle lateral position for confined flow simulation with ν = 0.90, λ = 5, Ca = 682, Cn = 0.3. Coexistence of slipper
and parachute. a) Vesicle starts close to center. Equilibrium shape is a centered parachute. b) Vesicle starts far from center.
Equilibrium lateral distance is non-zero and equilibrium shape is a slipper.
(a) A phase diagram for confined flow with λ = 1. (b) A phase diagram for confined flow with λ = 5.
FIG. 20: Phase diagrams for confined flow in the parameter space of confinement ratio Cn and capillary number Ca. Black
curves are a guide to the eye.
C. Discussion of results for confined flow
We combine the above results for confined flow without
and with viscosity contrast in parameter space of cap-
illary number and confinement ratio to plot the phase
diagrams in Fig. 20. We conclude that for low confine-
ment ratio, the dynamics is largely similar to the un-
confined flow. Slipper shapes are common in low con-
finements although parachutes are also observed at high
flow strength. Interestingly, the presence of viscosity con-
trast induces a bistability at high flow strength, i.e., both
slippers and parachutes are observed. At higher confine-
ment ratios (Cn ≥ 0.5), confinement effects dominate the
dynamics and axisymmetric shapes (bell and parachute)
are observed. While with ν = 0.90, we do not observe
coexistence of slipper and parachute in higher confine-
ments, we should keep in mind that lower reduced volume
vesicles might exhibit this coexistence since the outward
migration tendency seems to become stronger as reduced
volume is decreased. This could be a possible explana-
tion for the experimental observation of slipper shapes
of RBCs in microcapillaries at high velocities which have
reduced volume of about 0.7 and viscosity contrast about
five [10, 11].
VI. CONCLUSION AND FUTURE WORK
In this paper, we have provided a picture of the dy-
namics and equilibrium shapes of 3D vesicles in confined
Poiseuille flow with and without viscosity contrast. The
phase diagrams for both the cases have been provided.
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To our knowledge, this is the first study that provides a
phase diagram for 3D vesicles with viscosity contrast in
confined Poiseuille flow. We have seen how the parabolic
velocity profile of Poiseuille flow, viscosity contrast and
the confining walls affect the dynamics and shapes of
vesicles for a range of relevant parameters. Although in
the case with no viscosity contrast, we have seen that
slipper shape occurs on decreasing the flow strength, the
experiments with RBCs point to the opposite. Our re-
sults on the bistability created due to the presence of
viscosity contrast and the confining walls could explain
this anomaly. But unlike RBCs, vesicles have no shear
resistance which leads to large deformations. It should be
interesting to study how the dynamics of capsules (which
have shear resistance) compare with vesicles in both un-
confined and confined Poiseuille flow. This is a future
direction that can be explored to give more insights into
the dynamics of RBCs in microcirculation.
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